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It is proved that if in a PC-fraction the parameters j?, tend geometrically to zero 
sufliciently fast, then the corresponding series (L,, L,) represent functions, which 
are holomorphic in neighborhoods of 0 and co, respectively. The sequences of even 
and odd approximants converge to the functions (L,, L=) locally uniformly on 
those neighborhoods. 0 1991 Academic Press, Inc. 
1. INTRODUCTION 
A PC-fraction (Perron-Carathtodory fraction) is a continued fraction of 
the form 
po+$+.L+(l-;‘B’)Z+~+ 
2z 3 4 
1 (1 - PZnP2n+ 1)z 
+P*nz+ Pzn+1 + ...’ 
(1.1) 
where A E @, PI Z 0, PznPzn + l # 1 for II E { 1, 2, . ..}. (For standard informa- 
tion on continued fractions, we refer to [7].) 
* The second author was supported by The Norwegian Research Council for Science and 
the Humanities (NAVF). 
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Let u,(z) denote the nth approximant of the PC-fraction. The sequence 
{ uJz)} of even approximants corresponds to a unique formal power series 
L,(z)=cp+ f CkZk 
k-l 
Cl.21 
at 0 in the precise sense 
L, - Ao(u,,) = O(z” + ‘). (1.3) 
o(z”+’ ) denotes a fps in increasing powers of z starting with a power 
2 n + 1. Similarly the sequence (uZn + ,(z) f of odd approximants corre- 
sponds to a unique formal power series 
L,(z) = -cp- *.g, c. XZ~-k (1.4) 
at 00 in the precise sense 
L, - A,(#,,+ ,) = O(z-(“+ 1)). (1.5) 
O(z -(n + “) denotes a fps in increasing powers of z ~~ ’ starting with a power 
>n + 1. Here A, and ,4, denote the Taylor series expansion at 0 and the 
Laurent series expansion at co, respectively. (For the general concept of 
correspondence of a sequence of rational functions to a formal power 
series, see [7].) 
The pair of power series (L,, L,) satisfies the condition 
or;1 #O, n = 0, 1) 2, . ..) 
where D!‘i, denotes the Toeplitz determinant 
(1.6) 
co c , ..’ C -n 
D(O) _ Cl co .” c ~11+1 
ntl- . (1.7) 
c c II n-, ... co 
(Here co = CA”’ + CL”‘.) 
On the other hand, if a pair of power series (Lo, L,) satisfies the 
condition (1.6), then there exists a unique PC-fraction (1.1) whose even 
approximants {U,,(Z)} correspond to Lo at 0 in the precise sense of (1.3), 
and whose odd approximants {Use+ ,(z)} correspond to L, at cc in the 
precise sense of ( 1.5). 
For more detailed discussions of basic properties of PC-fractions, see 
[3-61. 
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The correspondence discussed above is of particular interest when the 
formal series (L,, ~5,) representfunctiolzs, in the sense that Lo is the Taylor 
series expansion about 0 of a function which is holomorphic in a 
neighborhood of 0, and L, is the Laurent series expansion about cc of a 
function which is holomorphic in a neighborhood of co. In this situation 
we shall let L,, L, denote both the functions and the formal series. 
In [S] it was proved that if L,, L, represent functions, holomorphic 
and sufficiently close to the functions 1 and - 1‘ in sufftciently large 
neighborhoods of 0 and co, respectively (“strongly bounded functions”), 
then a corresponding PC-fraction (1.1) exists, and the parameters 8, tend 
to zero geometrically. (The result was formulated with a slightly different 
normalization.) 
In this paper a converse of this result is proved: If in (1.1) the 8, tend 
to zero with sufficiently fast .geometric convergence, then the corresponding 
series (L,, L,) represent functions which are holomorphic and bounded in 
neighborhoods of 0 and co, respectively, and (u,,} and {z+,,+ , } converge 
to the functions (L,, L,). (For a precise statement, see Theorem 2.1) Cf. 
also [9]. 
For other types of continued fractions, results similar to those described 
here can be found in [l, 2, 10-133. 
2. MAIN RESULT 
We shall in the following use the normalization & = 1, pi = -2, so that 
the PC-fraction (1.1) has the form 
1 (1-B2nPZn+l)Z 
+ BZnZ+ An+ I + **. ’ 
(2.1) 
It is easily seen that in the corresponding series (1.2), (1.4) we have 
c(O) = &“‘= 1. 0 
THEOREM 2.1. Let R 2 2 + l/8, and assume that the parameters fi, in the 
PC-fraction (2.1) satisfy the inequality 
1 
I/3,1 GR” for n=2, 3, . . . . G-2) 
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Then the corresponding series L, represents a function which is holomorphic 
for /z( CR and such that 
IL&)- 11 <j& for (zj CR. (2.3) 
The even approximants {Q,(Z)} converge locally uniformly for IzI < R to 
L,(z). Similarly, the corresponding series L, represents a function which is 
holomorphic for IzI > 1/R and such that 
IL,(z)+ lI& 1 for IzI >-. R (2.4) 
The odd approximants {uZn+ ,(z)j qf (2.1) converge locally uniformly for 
IzI > l/R to L,(z). 
Proof Let R 3 2 + l/S. It is easily verified that 
1 +Rp(4”+1) 
(1J2)&R-‘4”+“<I’ 
2R-’ 
1 -Rp(4”+1)<’ (2.5) 
for n = 1, 2, . . . . 
Let u:“‘(z) denote the qth approximant of the continued fraction 
(1 -B*mBzm+1)z 1 
B 2m+ +B 2mi2z+ 1 ... 
(1-P*!J2k+l~z 1 
+ 82k+l +B 2k+2Z+ . ..’ 
(2.6) 
where m E ( 1, 2, . . . }, q E { 0, 1,2, . . . }. (Here uf”‘(z) = 0.) 
Assume that for some p E (0, 1,2, . . . . } we have 
for Izj<R (2.7) 
for all m E { 1, 2, . . . }. Since for p E (0, 1, 2, . . . } we have 
(2.8) 
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we obtain from (2.2) and (2.7) (with m replaced by m + 1) for IzI CR, 
b e2(‘)’ < l,(R. R-(2f:,l,+,R,l’;::;; _ yR2,,,+, 
[l +R-(4”+1)] 
=R 2,-1[(1/2)R-R-'4"+1)]' 
Hence (2.5) implies 
for Izj CR. 
We note that (2.7) is satisfied for p = 0 (and all m E { 1, 2, . ..}). So it follows 
by induction that 
hew < & 
for IzI < R, m E { 1, 2, . ..}. n E (0, 1, 2, . ..}. In particular 
1 
I43z)I < - R 
for JzI CR, nc (0, 1, 2, . ..}. 
(2.10) 
(2.11) 
The even approximants uZn(z) of (2.1) can for n E { 1,2, . . . > be expressed as 
2 
U2n(Z) = l- 1 + l/&z + zA:‘,‘-2(z)) 
El- 2~2z+2u~~',(z) 
1 +&+u:‘,‘&) 1 
and consequently, by (2.2) and (2.11) 
b2n(Z)- II< 
2R-2R+2R-1 4 
1-R.R-2-R-'=R-2 
(2.12) 
(2.13) 
for IzI CR, HE {I, 2,...}. 
Thus the sequence {Us,} is uniformly bounded for IzJ CR. Since the 
functions uZn(z) are rational functions and bounded for Izl CR, they are 
holomorphic for lzl CR. It follows that the sequence {Us,,} converges 
locally uniformly for lzj -CR to a holomorphic function which has L, as 
Taylor series expansion about 0. (See, e.g., [7, pp. 176-1811.) The 
inequality (2.3) now immediately follows from (2.13) and the fact that 
L,(z) is a holomorphic function. 
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Let UT-~‘)(Z) denote the qth approximant of the continued fraction 
1 (1 -P2mP*m+1b 1 (1 -P2kPZk+l)Z 
lLz+ Lfl + ... +Bxz+ L., + . ..’ 
(2.14) 
where rnc {1,2, . ..}. qE (0, 1, 2 ,... }. (Here ug”--‘)(z)=O.) 
Assume that for some RE (0, 1,2, . ..} we have 
Iu $m-lYz)I <& for IzI >jj (2.15) 
for all m E { 1,2, . . . }. Since for p E { 0, 1, 2, . . . } we have 
ugy(z) = 
1 
P*mz+(l -B2mP*m+l)z/(P*m+l +ugm+“(4) 
B *m+,+Up+l)(z) 
(2 16) 
= z( 1 + j3,,#$;m+ l’(z))’ 1. 
we obtain from (2.2) and (2.15) (with m replaced by m + 1) for IzI > l/R, 
2R-’ 
=R 2m-I[l-R-(4”+1)] 
(2.17) 
Hence (2.5) implies 
for Iz( >A. (2.18) 
We note that (2.15) is satisfied for p=O (and all rnc { 1, 2, . ..}). Again it 
follows by induction that 
Iu (2.19) 
for /zI > l/R, rnE {1,2, . ..}. n E (0, 1, 2, . ..}. In particular 
1 
b:‘,‘M < - R for lz~>~,nE(O,1,2 ,... >. 
(2.20) 
164 NJhTAD AND WAADELAND 
The odd approximants uZn+i(z) of (2.1) can for 12~ (0, 1,2, . ..} be 
expressed as 
%+1(z)= l- 2 
1 + z&‘(z) 
2u:y =-l+- 
1 + 24:;” 1 
and consequently, by (2.20), 
Iu 2n+1@)+ 11 <&=A 
(2.21) 
(2.22) 
for Jzj > l/R, no (0, 1, 2, . ..}. 
Thus the sequence {u*“+ i (z)} is uniformly bounded for JzI > l/R. The 
convergence of { uZn + , (z)} to L,(z) now follows as the convergence of 
hn(z)) to J%,(Z). Th e inequality (2.4) follows from (2.22). 1 
Remark 2.2. A PC-fraction where we may write pi = -2/I,, /I,, E Iw, 
P 2n+ 1 = pZn for n E { 1, 2, . ..} is called a Hermitian PC-fraction. We shall 
here use the normalization j&, = 1. The (normalized) Hermitian PC-frac- 
tions are thus continued fractions of the form 
1 (l- 16n12)z 
+ 9.. +j-j+ 6, + . ..’ 
(2.23) 
16,) # 1 for n E { 1,2, 3, . ..}. The parameters 6, are called reflection coef- 
ficients. (The Hermitian PC-fraction (2.23) is called positive if 16, ( < 1 for 
n E { 1, 2, . ..}.) In this case 
cb”‘= p = 1, cc,=E,forkE{1,2,...} (2.24) 
in the power series (L,, L,) to which the PC-fraction corresponds in the 
way explained in Section 1. It follows that 
L,(z) = - L,( l/Z). (2.25) 
In this particular case 16, ( = lPzn I = j/?2n + i 1, and the condition (2.2) in 
Theorem 2.1 is certainly satisfied if all IS, I < l/R*“+‘. Hence the conclu- 
sions (2.3) and (2.4) both hold. But we can do better: From (2.25) follows 
that the inequality 
L(z)+ 11 <A in IzI > R 
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(which is part of the conclusion) is equivalent to 
ILo( 11 <A in IzI CR, 
which is better than (2.3) since 
2 4 
jfy<E. 
By these considerations we obtain from Theorem 2.1: Let R >, 2 + l/S, and 
assume that the reflection coefficients 6, in (2.23) satisfy the inequality 
Ii?,1 <l/R’“+’ for n E { 1, 2, . ..}. Then the corresponding series L,(z) 
represents a function that is holomorphic for \zI <R and such that 
IL,(z) - 1) < 2/(R - 1) for \zJ < R. The even approximants {U,,(Z)} con- 
verge locally uniformly for Izj < R to L,(z). 
A similar statement of course holds for L,(z) and { uZn+ ,(z)} for 
IzI > l/R. 
3. FINAL REMARKS 
It seems to be difficult to give a reasonably precise answer to the ques- 
tion about how “good” the result in Theorem 2.1 is. But something can be 
said: Starting from the opposite side, i.e:, from the series (L,, L,) we know 
from [S] that if they represent holomorphic functions in IzI <R and 
IzI > l/R, respectively, where R is sufliciently large (at least > 2), and if 
IL,(z) - 1 I and IL,(z) + 1 I are sufficiently small in those neighborhoods of 
0 and co, respectively, then a corresponding PC-fraction (2.1) exists, and 
j?, -+ 0 geometrically at a rate slightly worse than (2/R)“. (It is likely that 
this result, in different meanings, can be improved, by using more 
sophisticated methods. It is also likely, however, that this would be rather 
difficult to carry out.) In the present paper, in trying to go in the opposite 
direction, we strengthened what would now be the conditions, to 
l/3, I < l/R”, and could conclude holomorphicity and nearness to ( 1, - 1) in 
IzJ <R and IzJ > f/R, respectively. Neglecting the speed of the geometric 
convergence, we thus have a two-way bridge between on the one hand 
holomorphicity and nearness to (1, - 1) in (z( <R and /z( > l/R, on the 
other hand geometric convergence of fi, to 0. In that respect the results in 
[S] and the present paper are good. In special cases, however, favorable 
cancellations or other things may yield more than one generally can expect. 
One such example is the PC-fraction 
lm2 J- (I-r2)z 1 (I-r4)z - 
1+vz+ Y +r2z+ Y2 + . ..’ (3.1) 
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where r is a complex number 
p-1 < 1. (3.2) 
(If r is real, it is an example of a positive Hermitian PC-fraction.) 
For the PC-fraction (3.1) we have, using notation from (2.1), that 
L=Pz~+I =r”. (3.3) 
If r is sufficiently small, more precisely, if for some R B 2 + l/8 
1 
rn < - R2”+1 
for all n (which holds for r < (3/17)3 =0.104...), then the conditions of 
Theorem 2.1 are satisfied, and (L,, L, ) represent functions, holomorphic 
in JzI < R and 1.~1 > l/R, respectively. For (3.1), however, this is not a good 
result. It can be proved that (3.1) corresponds to the pair (L,, L,) given 
by 
Lo = 1 - 2(rz - r4z2 + r9z3 - r16z4 f  r25z5 - . . . ) 
P 
L ,=-1+2 
( 
;-$+g7+$ -... . 
4 
(3.5) 
Thus L, represents in this case an entire function and L, a function 
holomorphic on the whole Riemann sphere, except at z = 0. 
This is an example where we get much more than the general theorem 
can promise. As far as the regions of holomorphicity are concerned, it is 
extreme. 
The correspondence between the continued fraction (3.1) and the pair of 
series (3.5) was first strongly suggested by MACSYMA. Later a proof (far 
from trivial) was given by William B. Jones in an oral communication. 
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